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Ih H\.ts Cone pt/j C&ar‘e" é'o ‘fe.e/? Ll[e S‘ag.ér‘on ‘on
l'lLS‘ impéc-‘éﬁm mo( l‘co.f“agc ;l{ ey ﬁﬂaus:



Let ct=c. then J"+XL=C-L
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716 /)o&.él‘ou- n ex/o'fcfi%r/n w«@/éc & = £Ye"-x%,

(2) Salye A4 = y=—
N ==

First we %na/ the S’r'élja. br so ﬁé,‘a,%,_ f(") <4 and @).U‘-/
So “{(z-):-o £=> Rl 4 a0 &= g=+4.

So Clere are 2 s:@u&/ Solilionk: (y= —d &J=+¢.

Now e ﬁuaL the Jenerol So boloion:
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. ZX 4L
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X
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+
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- g%
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= Co»f'o\ne
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%(F)-‘—‘- P So "4(?-): o & =6 001-0{ é‘_ugff(

P=0o is £ e oné S‘Z}ju ar S‘og.é'fon.
—mdznc’hl S’oé\.éiort Comn Le/cmc( M/é%wS:
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= j-‘gl = (4t

&= &/P/ = 4 rc.
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e I = &
PI Lt

& p =tge Ce>O

éJ“ Con Q,LSOré L‘"{e ff;n/la.éf S‘a&ﬁ‘on ’n f‘ccjcnerdj one
\éj «ﬁwb cr o be O

P=C e{é wth ce /R

There ore 74...& a bt o/ m.aall/é in nabure il
eXponen bal bedavior, e.9. o t>o
= paa(:‘aa&é:‘ve deczj N = N, &—Aé
o
ot Conanﬁa.ﬁbn a/ CafFeine :‘r\(joar %: /’éé)=ﬁ e’“'
("4' &2«] 2 Yoo don’ & rg/”)
gp:c 4 is noécj.‘ven bl a retated 7uo.at‘.'c’ , te
“{f— me z is JJiven. T is i amoanz‘oj’é;mg S
b«éux—d&r a Nomber aé::@ X = x,e'ie o become. X, .
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_Lf(j,a_ dnng QCaP ]‘!Cp eaé 6 o-m, Ebhen a_t‘ /0/007
JOk "AA.VC

> -—&\Cz) 2
12 Yo e .
a = f,é“‘"’ )

= f 7_5
Soe &o 7/ o)e Ehe Ca./%eine isJone.

A «’—‘ZdM.‘c e.xamfbg of as'e/oe.raéﬁ. DE amwﬁom
A]waan’/y VAR o/c‘aognj.

TEic theo Soys that am aé,’cc.f’/)— ﬁemfeméw't T, ox o
Jumebion of time ¢, is related 5 the durrounding

te.mFer‘a.ﬁnJQ/ A/Mﬁﬂom: — Conrs [‘omé'
dTr=4CA-T) A YT/
At

J

fi‘{ we ardume A is comtant then FLhis is ase/oerqéﬁ
DE with glt)= L, h{T)= A-T" TE har 4
S?U a.&.r Soé‘.é;on: T = H Cboocﬂ, I\-D-b- Aame, t&u«?“ "é)‘

A urroonn d..r”k)
- S A dt

If T+ A , €hen
es—bnla-T| = 4L+,

§ dT
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"".t'— Cy _'Lt.
& Ié\—'_l = € = (Q.C4 [

—kE =
< A-T =2C,e

&De Can A.LSO"‘L the St\b(\jo\eour So '64\.6-'0'\ éoJc.b
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bo:é‘ Ce= e 4)’0
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bo«zj ‘\6' Seme Co'.{t [+ § %UQ w‘fcé(-Tu«Po\é o él{
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300\ do seme [M-f' mimé'&“igeﬁﬁi@ éqol re€urs ol e p-m.
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’«‘;ll;;}rom (o .m. » Alib: bﬁ.;ore an.:
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L n order & f:n.o\ ont he doesn’E oeserve dinner,
(jom meosrure Che t‘emrua.l:wrz. O’? the cd:.e omot(fmo(
iEis 290 K. Given Ehot the reom t'em,aeraﬁ& 's a comlonk

295 K amd Hat, vie mesdore mné/ Ge~ jgno{ that 4“5\63)_%
X

unst: 4 pPer ig!.r

LDI\o s (70:‘2 % bed wr'éA an QMFé SL%MACA?

-Tz-sa'{l\lt é‘.a‘s /Oroé&m ML’Z[ o‘r‘.rZ Olf'aa.)a i‘fmegne.

wibaown arime
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2 X
| ] { 1 .
I ]

1 |
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| v 7
3 oam 10 am o m I pm 2P m

T = 280 > ca{e o(/‘o/?f'd T = 290
= ? )éfom f"t‘{je E=0

ACCOPdLZ\-j ta Ehe &w o,? m(cj T =A+tc e-“‘-t

L = 295
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=> C= -5
_éna)ﬁ-
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— (>

&> —’5;—5 e L
d=> Dn(3) = - Gn(3) £
—T
=) E = -4
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SEC 4.5 LiNeAR FirsT Orper
ODEs

I_P\ ‘ktu's Sec é:‘on e f—a.fn ouwr a&zen é‘on o ODE s
07‘9 éAo. rfpofm: linear +£order ODE = L4DE

| _ N
ilﬁ»-tgfpoa-&o

Toe idea fi so'(/in) Elis equation s G ért.j i€ in o form

Where o, a9=in, Can &hétj/‘o-fc bo bh sicler af Ebe e7ua£'o»
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T n f.aaréi@l,r, we want o wrte (?’ + 9 DO i élxcﬁrm

a%(% }Dcx)). -TZ.‘S s no a/éag-o fass:‘éé/ f‘-ocu]'(- E'-G'-,
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We con, Reowsever, a.&:%y, "“‘““Fea the DE by  Huitabb
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EKAHPLE :_T_'f Lse mulbfpg, Ehe egu.ué"on
Ay 4 ¢ =X
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EC) fo) = e,x, we 3ell:
dy X +y X = xe”
o |

<= ad;@ &) = x et



= jaéz(g ) dx =5x e dx

2=> 9 = CX—')QX + C

e Yy = X-L+ce

1€t barrv)— ol ﬁ.a.ﬁ']&ragj L4+ DE o/ .« jﬁrm
d ¢ Cx) = A x)
+ 97

SDeodx
Iofx) = £ P : SMA o./au:.&epr, /OCxD, (s ca.é[o:o{ Minéjméion

/a.c éo/‘.
US"Q} an ﬁ'gmﬁ’on ﬂct{'or Le Conr Sozc @ L1 DE:
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(4—) CO-QCu éo.é( /OCK) = € (w'.éLOWb a‘nfe\'}n&éx‘an CoM?‘>
(2) Mulbip§ the DE by poo
€)) 'Re.c@(j,\:ze Che &ﬁé-é«no( s/ok o a%(fa)g}
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(0> ‘PC;O-.- -4 p
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=
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¥
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(2) a%-(@x‘u)a) = €X
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§ X

I

(4> CXLJ—()(‘.) = 2x24C
(5) g — 2x>+cC
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Tk Ehot contoniiy of bqud with
vo&m \/af éq:«d Concen Erabion Gut

with cncentration
C=C,¢ = _\;(_
i:KL Standcxrd quustfon jp-ra. mix Ecre froé'&m (S:
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Po&t.bion ‘s Yoo
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QUE.S-I_ION Aftu' Césfn Ele JZo«:ém'e)P al MQ Erie,
< ,
o éLnj 69@& g-é& Enrie ;s P&fu{ aon Lsice ol
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METHoDsS & ExAcT
ODEs

SOML‘EFWLQ}( a 4_s+or~olar ODE X ne«'aer Sepemé&,

ner e:ngo.r < d’-& 3‘2&) = Q. 3’=;oo£9)
I]P ﬁﬁrs (S ﬁut loNye., we ht']/u" SZ’:‘% ée aéL”c fb éf\am/grm
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EXAHpLE
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fe.é V = x{'J +3, OVAA é‘\“’)& X+3-V,
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4——a— :V
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o Jo - G
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= v= fanlx+c)
= 54')(4—32. Eon Cx+D

& é’ = tam (x4ed —x -3
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éy aAooSr‘@ tChe ‘ZTAf sobs Glulon.
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So
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- = | dx
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REVISION MIDTERM 1

Sections 1.2-1.6,2.1 - 2.4, 3.1 -



IMPORTANT NOTE:
These slides do not revise all the material!
They’re not sufficient to revise for the exam!

They’re meant as a guide to some of the
key concepts In the course.



CHAPTER 1

Mainly: the different DE’s and techniques to solve them




Sec 1.2. Integrals as general and particular solutions

EQUATION

* The SIMPLEST equation

n

d"y
dax"

= f(x)
Solution method: integrate both sides n times to obtain

y = J...Jf(x) dx”

Note: don’t forget to integrate the integration constants!



Sec 1.3. Slope fields and solution curves

TYPICAL QUESTION (midterm 1 fall 2024)

1. Identify the slope field of the differential equation v/

s
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fill iIn some well chosen points.

Solution method

, ' = 0 so Aisimpossible.

If x = 0,y = 0so B and E are impossible. If

fx =1,y=1,y = — 1 so the answer is D



Sec 1.4. Separable equations and applications
EQUATION
dy

. SEPARABLE equation = g(x)h(y)
X

Solution method:
1. Assume A(y) = 0. Values of y for which this is true are the singular solutions.

2. Assume h(y) # 0. Divide both sides by /i(y), multiply both sides with dx, and

Integrate to get
dy
— = | 8(x) dx
h(y)

3. Combine singular and general solutions
Note: you don’t need an integration constant for the integral on the left-hand-side



Sec 1.5. Linear first order ODEs
EQUATION

- LINEAR FIRST ORDER equation y' 4+ yP(x) = O(x)

Solution method:

1. Calculate p(x) = el W&

. Multiply the DE by p(x) to get y'p(x) + yP(x)p(x) = O(x)p(x)

2

3. Recognise left-hand-side as (yp(x))
4. Integrate both sides w.r.t. Xx.
5

. Solve for y

Note: you don’t need an integration constant forJP(x)dx



Sec 1.5. Linear first order ODEs
TYPICAL QUESTION (Spring 2023 Midterm 1)

4. A tank initially contains 100 gal of brine containing 50 1b of salt. Brine containing 1 Ib
of salt per gallon enters the tank at a rate of 5 gal/min, and the well-mixed brine in the
tank flows out at the same rate. How much salt will the tank contain atter 20 min?

Solution method:

1. Set up the DE as described in notes (or book)
2. Solve DE and find ¢ by using initial values (in this case at t = 0, x = 50)

3. Plugin t = 20 in solution



Sec 1.6. Substitution methods
GENERAL METHOD

To substitute v(x) = f(x, y) into a DE you need to express y as a function of

d
v(x) and x, say y = g(v(x), x) and use this function to find d_y = d—g(v(x),x).
X X
(Don’t forget that v is a function of x!)
d
Then you replace every occurrence of y and d_y by their expressions in terms of
X

v(x) and x

Note: don’t forget to substitute v(x) back in terms of y and x at the end!
You want a solution of the formy = ..., NOTv = ...




Sec 1.6. Substitution methods
EQUATIONS

| dy y
* HOMOGENEOUS equation — = —
dx X
Solution method:
y(x)
1. Set v(x) = ——, and thus y(x) = v(x)x
X
- dy v
2. From this it follows that — = —(v(x)x) = —x + v(x)
dx dx dx
dv

3. Replacing y(x), y'(x) in the DE gives d—x + v = f(v), which is separable
X



Sec 1.6. Substitution methods

EQUATIONS
dy

» Bernouilli equation d_ + yP(x) — Q(x)y”
X

Solution method:

1. Set v(x) = y(x)'™, and thus y(x) = v(x)T==

- dy d 1 . Ay
2. From this it follows that — = —(v(x)T-7) = (X)) T=71—
dx dx l —n dx

3. Replacing y(x), y'(x) in the DE then gives a linear first order equation




Sec 1.6. Substitution methods

Note: typically the Bernouilli equation comes with the demand that y # 0 or y > 0.
This is purely so you won’t have to worry about taking roots of negative numbers

or dividing by 0. Just write your solution and add that it only works for those x for
which y # 0 ory > 0 (depending on which demand it is).

You don’t have to calculate the values of x for which this is true!



Sec 1.6. Substitution methods

EQUATIONS
+ (possibly) EXACT equation M(x, y)dx + N(x, y)dy = 0

Proving exactness on open rectangle R in xy-plane:

oM oN | | | |
If M, N,—,—— are continuous on R then DE is exact if and only if

"0y Ox
oM  oON
0y_6x



Sec 1.6. Substitution methods

EQUATIONS
+ (possibly) EXACT equation M(x, y)dx + N(x, y)dy = 0

Solution method:

1. If DE is exact there exists an F(x, y) such that F(x,y) = c is the solution and

A. oFx,y) = M(x, y),
0x
B. o, y) = N(x, y)

dy



Sec 1.6. Substitution methods

EQUATIONS
+ (possibly) EXACT equation M(x, y)dx + N(x, y)dy = 0
Solution method (continued):

2. From (A) we see that F(x,y) = [M(x, y)dx

Note: This is a partial integral, so integration const = g(y).
3. Now plug F(x, y) from step 2. into (B) to obtain a differential equation for g(y)
4. Solve this DE and you’ve found F(x, y), the solution is then F(x,y) = ¢



Sec 1.6. Substitution methods
EQUATIONS

- REDUCIBLE EQUATIONS

(A) Doesn’t contain x (B) Doesn’t contain y

f dy d*y 0 f dy d*y 0
R — — x — — —
> dx  dx2 dx  dx?



Sec 1.6. Substitution methods

EQUATIONS
- REDUCIBLE TYPE A fly,——]=0

Solution method:

. . dy dy dv dvdy dv
1. Use y as variable and substitute v(y) = —,s0o —=—=——=—v
dx dx? dx dydx dy

dv
2. The new equation becomes f (y, V, —v) = ()

dy
3. Solve this equation to find v as a function of y: v = g(y)
d
4. Solve v = Y g(y) for y as a function of x

dx



Sec 1.6. Substitution methods
EQUATIONS

dy d*y
- REDUCIBLE TYPE B flx,—,— ] =0
dx dx?
Solution method:
| | dy d’y dv
1. Keep x as variable and substitute v(x) = —, so —— = —
dx dx?  dx
| dv
2. The new equation becomes f (x, V, d_) =0
X
3. Solve this equation to find v as a function of x: v = g(x)

dy
dx

4. Solve v = = g(x) for y as a function of x



CHAPTER 2

Mainly: applications of the DE’s of chapter 1




Sec 2.1. Population models
EQUATIONS
dP

- MORE GENERAL POPULATION MODEL — = aP — bP?
!

Solution method:

1. This Is a separable equation

2. Singular solutions: values of P such that aP — bP’> = ()

3. General solution: need to use partial fraction decomposition to compute
integral



Sec 2.2. Equilibria and bifurcations

EQUATIONS Y _ h <or dp _ h(P))
dx dt

Equilibria (or critical points): Values of y for which A(y) = 0O

Types of equilibria: depends on behaviour solutions near equilibria.
Can be determined using sign of 4(y) (even without solving the DE!)

sign(h(y)) = sign(y”)

Example +




Sec 2.2. Equilibria and bifurcations
EQUATIONS
dP

- POPULATION WITH HARVESTING  —— = aP — bP* — h
X

# of equilibria depends on value of &

Value of & for which # of equilibria changes = bifurcation point

Diagram that shows values of equilibria as function of /s = bifurcation diagram



Sec 2.3. Acceleration-Velocity models
EQUATIONS

Equations are set up using Newton’s second law: £,

dv
| = M=

dt

ola

Air resistance can be linear F;,, = * kv or quadratic F, = + kv* and

always opposes direction of motion:

sign depends on how you set up your axes!

Notes:
(1) the equation you obtain is always separable

(2) You don’t need to solve the equations to get info on equilibria



Sec 2.4. Eulers method
IDEA

A solution to an IVP of the from y’' = f(x, y), f(x;) = y, can be
approximated with step size 4 and number of steps n by repeatedly

replacing (x;, ;) by (X;, 1, V1) = (x; + h, y; + hf(x;, y;)) until a point
(x,,y,) is obtained



CHAPTER 3

Mainly: homogeneous linear DEs with constant coefficients



Sec 3.3 Homogeneous equations with
constant coefficients

EQUATION ) aD'y=0

=0

Solution method: .

1. Set up the characteristic equation Z al-ri =0
i=0
2. Solve the equation and obtain roots ry, ..., 7, (some of them possibly equal)

3. Each real root r with multiplicity m provides the following term to the solution
(co+ cx + ¢, x" He™

4. Each pair of complex roots r = a + 1b, ¥ = a — 1b provides the following
terms to the solution

(cp+ c1x + ---Cm_lxm_l)e“" cos(bx) + (¢, + ¢, 1x + ---czm_lxm_l)e“x sin(bx)



Sec 3.3 Homogeneous equations with
constant coefficients

EQUATION ) aD'y=0

=0

IMPORTANT NOTES

1. Each constant in each term provided by the various roots is a different
constant (| used the same notation in both real and complex case because
the correct notation is too cumbersome and distracting)

2. You should get as many constants ¢y, ..., ¢, as the degree of the DE



Sec 3.4 MECHANICAL VIBRATIONS

Comsider o SPring w; Eh mary -m on «
fr;c_é'fon‘&m S'axﬁpo»ce.
0 0§ |

_"
FE::bon&A” L%w&érm
Su(ﬁ\Ct 'Psléaﬂ X=o0

..L one SértéCA% or CaM/OfMoy f/e Sf/‘/l é/eﬁ éAe s/°or/¢

i APF% L?a»rc:e oHDoS iteto Ehe 0{4"??’; t—fée o
o4~sF cemen & J N skl spring

&« Uo‘h ﬁhé Xis ﬂ(lj“' e
fere s F, is Pm’é‘re.

Y] Hm]
P

E>(<¢>E

0

—>
X

/)CCofo(AQj Eo lUchLon/a/ i L.

[4
= _mdx a



;l(-l-‘ﬁx = O
E

QU

Se M

|

~

)("° Y

= dx 4
olE®

Zﬁé /t),, ='|/;LZ é/tm. oonr efun- on é< Cotm e&

£
+pX =0

“x
d2 +07x=0
det

ms 's & /—/LLDE So e (an So"g/c L'é' M’th
e ée_aéar?uw From previows A
S[:»:F 1) The CE s
rt+of =0
2) T bs solutloms are

-3)’77\01 mel Sf&.'él‘or\ to ﬂe e7a_qé7‘aﬂ IS féefe/gre
€y X = C, Cr(at) + Co sin (edn )

Caﬂ ﬁks Sa'&\lémn (s /Dr%e.né'ed cn owoZLj?”

%f’"/ namﬁ

X = ﬂw(woé "‘0<>/ A>O/xel_;l"[



I& 'S noE Eoo “Aaro( éo -SAOOO tl\oﬁé' LL'tLCAQ care
Qc[uLvJM\t:

fv\ @ C}_, Ce are mo{cfa&nM a/zalca.n éaZ( on aly,
leg»ke- Sfec'fjé%j Cq, Cy Mounés ﬁ'a C/Laasv‘zj o fm‘nf'

(h Q& ?)fune_ AY: n ore‘j :;t (o\ e Dim vecf'ar s/:«c¢>
g .
s
)

S(».c‘\. (4 § ]‘Do‘w\‘e’ Co-n 4/630 AL mPr‘%enfed Mé’ﬁ
: Co = B8 Co?(d>, Cy = QS‘/’/I CeX).

If e P&(j t&»s ngm ,‘nff'o @ Ge cjeé"

X = A CD"&'[O(‘)CM)J&) +Osin ) sin (w8)

= A (cﬁ(«)cy} (ot ) + Sin () Sin (woé7>
== A &é’(&-\oé - D()

Since

Cor (D +V) = Cr(U)eos (V) - sin(0)sin (v)

—T?\.L S’a’e,w\él‘on @ "aw) 'élxt de?w <3FO~P/\

: = e
l — T =&




/\)O(D iMMogine & Cor wAcre .S‘F/‘f(ﬂjvk are weol 15
//O\QMP%I/ 5%236"!4' M—%o/(oaws :

/
o]

4 N\

Dhen Ehe cor olriven over A 6um/o (so Comp rerses e
Sszle') f:Ae_n ﬁom wou.fo( Lamncm forever‘.'gﬁfj /an An,lz'

nal{' Vifj 50(7/6.

In enqgineering one Oféen A a O(MK/DoLL Zs
avoid ‘'S /'Dr*a &m

Tobe filled with guid Ebat
m@% results in o furcm , % , opPosite

L ¢
F, =-CV Eo \/Céc'él
R {
> don h pet comt a-/
T n anLé' Cobe Ue—aﬁéon’/& ACIZ:o'zd éu)gr‘l/‘%/

4 ol’x
4 okt
. _ ax
omd sipce V = o
4
m dx pcdx 1 dx < o
1= t

So &&é?of\‘-

4—)779 CE s vmr‘+cr+'£=o



2) J:{-’s So ‘&xél‘onla are :
[oxp ct-adn>o - zcrVctadn

em
f‘,_-: —c-‘lﬁ:'*—#‘n L0

owd the sotution toder the form
r.t

re €
X= Cq4 € +quf

gint_c ML, Ko Awnch Sowc‘méoog Z.'Ze

« VoSO
s

Vo O —’)’

,‘

, ¢

Hc.rv. éAC O(M/\/'Doé oM ZLAM\f C /s So éé‘j Zfla?t
he osciaafl‘ow Canh o0cCwn .

Thisis called the OVERDANMPED cose

BOIf C’&< 4’-441{ fAcr‘c A€ é’wo COMf ‘ev.x S'o‘&«f:‘oM

€o ﬁlxz CE :
r = —_C:‘. -+ i U.‘_
aem
Qlcre W, = Vyim-c*
F-o-S - 30,
C
—;—;é
So X = & (C:L CO’YC&.).._ é)-l- G Scn (6-‘1.6)7

"-Qé
= A e*" cor(w é-X)

Tﬁehc S‘s&-""lom &oﬁ ‘F—L{ T (Ae.— -t




B(Co\wsq (:l\em O s{‘aé( OSC“‘é{Os{‘(‘oW oCCIA(‘(‘\‘va_c),
Ehis cone is called the ONDERDAMPED cane.

@O:L? Cc %= 4{01 Zf/en f/er“e. (‘s ow one reot-

r= - and tl\QSO‘&,'él‘oﬂ éecomuf

m

_c
X=Csct)e™

Tts sag,é?o;w 49/ Vil’j S';M"é./ o Fhose /CMC
(). Since This cone is the intermeokote care beleseen
f@{ Mderdmm?zo’ & avero(aw\Feo‘ coress {F is Col&o{
the CRITICALLY DAMDED cane.



Sec 35 NowHoMo GENEOUS
EQUATIONS

‘q non%om%awww LADE witfﬁ CaMébwté'
Cac#’?c.?eml:s /£M— Che J&r-m

(2 a0 D)= Foo @

cC= O

A
—

[ < ‘&neanr o/Oer'aéor'

amol L'é.s Moa‘aéeo( %an»zgeneamz e?a\a.é'«“aﬂ (S
L (&) ey G %

TP 4 sbor @ ond § wler @ the

Acince L s 'glzca./;
L((jl—/ +(?/°> = L(_(jH) +L<(7/;,>

= 0 + F&)

Seo (yH -('L?F a/é)o So‘ﬁ/% @



Ié 60,4’% o & Z‘;Aas.é a/Z/ S'o'é«éz'oM/ éo @

are 07? Ehe J@rm
I

Bmf ’Aow O(OQA— one Oééain ﬂﬁ 4
For 5'""4?‘& Calen O/ F-Cx) ene Can uhe lén'a/

and error

EXAHPLE.‘S (D F.-,\AJ,; for
(y//.(.g(y'pz( = 3xr+t

'73(??= an<+5=>(yp/=a/ J;::O

= Sa+d4b + dox = 3x+2
3
=>(Ha =3 =% {a=‘7-z'
=> 3
3o+4b =12 SQeub=2 b=-

S = 3 yx — 2~
o(ﬂ? le 46




(Q_) 33”1-&’_%7 = 2CoS (X

Ua%r (7’,-: a Cos, I’lov’jP = asmx &)Ol'z
3? = o Coslx) € b Sch (x) doejy &AC éfl'Cé, Koueve/‘.
Pet C- G () S = amcx) so C’.—:-S} S’'=C
anol Ehak

&: aC+bS, ﬂé: ~aS+bC, J//:-AC—AS

so -230C-3bS-6S+bC-26C-ebS = o C
4= (-304-[;-2.&)0 + (—zb—a-zb) S=-.C

> (-Sa¢b=1 >{&¢b=z _>§0~=-5/13
a+8b =0 26 & =-10 b= a/q

amd

(? = -5 @+t sinw
P 12 473

S Fd gy fr S
E&P-;&C/JP: 20 €, ,7]’:[/4

fAe"l l‘/aezx’ ‘/Qezx - Q-eax eec e

— ——
e

= O

S qe_Lx s naé agwdﬁaw



One w‘f wonﬁér wfe-éécr f%cre ¢S a é'}s'éema Erc
;{7 o Lnd a(jwdi«m%r(%'
7

/Cx) /S /72(2‘6 o féeﬁ éfc arh eer /‘.S"Cy%—.
BQ ore G éafa.é SQCA Cobe)y ;éis ¢°ﬂ£¢fe/.>é:'-nj ﬁ Sfal‘e

4 ééeofeﬂf ﬁéaéworék J/or' aﬂf&)

# Foo = F,_Cx) +F¢Cx) +---+IE£ Cx)
Chen (9?, =<% +(ﬁ"~ + - +;F2 o here

L(jﬁ) =F:-(X> /ol‘ d/#i

7—%: ‘7‘/0 %awfy én‘ci G Che be a/o/o'éeo/ ‘o
fﬁnol Yp Fo) =F, o0 +F, ¢o) +-- +F;(x)
w‘ﬁen:’
/r‘-(x) = Pm(x) eMCa-‘J'(!x)
or [FiCx0) = T, ) e**sin (bx)

e F G is o J@’U ée Sem a/ /,Drao(«c_fs o/ a P%M”m{

on exFonev\ é«‘a&é, and aA Sin or Coé—/amcf:‘on on X

T J‘e F(x) (S o/ éée j{;rm akbcn'étq’
GAOV'C ﬁ'ﬁ@l’ld(or 0.!/&3 }'F-Cx) e 'eavc.ﬂaé



(‘4) If n&’éﬁer )E: (x), ner an a/;fs deriva A’VW
Con bcwns a Eerm Ehal so Wyen the % omogeneont
eq wobion,

o = (ﬂo +0 Xt + B x™ )eaxCaJa—Cb x)
+ (B +B xt—+Bnx™) e sinCbx)

(R) Etie =
Y. = X @, +8, x4 +Apx™) € Cor G )
¥ x“'(B., +B, x ¢+ B,.‘x”‘)e“ sinCbx)
wkert A is the Lowert Pss(ée‘w: inézjer sueh thot
ﬁP«' Continyr no term Ehat sotve Che asrociated

Mo mogeneous Q?uq.é[‘on .

N@ lée 7o_¢éecé w&ﬁef /e (4) or (5) apf 1,47/)/
jau need & bok at The Cermy that app ear in /E,'(x)
BND all s deorivateves Foy Floo,..

731}8?10( A’, ‘ﬂoweve", joa. angé need &o ﬁto.fe Sar®
ﬁ%aé None o/ “he Zf'e/m/hr o\]/& Ao &/Z Lhe Mdocfa/fc/
Aomogen eous eqoation. Y ou DON'T need % check
wfe ger C%,_’ y j,{/, - Contoin Termy that sotve Che

Mo cioted| k;m ‘2_3;‘“ ur <9 o Evion.




EXAHPLE 5(E xamplh (oD revisitrd: wre sonted
t_o a‘nd ?P o

Vg =se
J e

N‘
CK) . o b o we
/ s o/éét/m 72()0 e Co"é—g;,x> A on
erfj our ﬂwrm. =2
S:‘ncc Q.“ So'd/W ﬂ” - 4{3’=0, ae 're oéa@ wzﬂ
Qe (B) So

X

QﬂP = x“"fz e
since 2 is e Foﬁmmc‘oi ifo(z‘jm 0.
ﬂe Sa&«é:’o% to (ﬁ//""’.ﬁ"° afc:g,, =Q€¢x+C.. e
Ao LJ Aefl‘.iy Jr= 4 &€ See zﬁ'AaéJP dboes ho€ sothse
3’/—- '—{J =0. S
(9? =4, x e
g5 = A e 4 00, xe”
J’f; = e, + o, e + u@,xe*
= 44, e’ 44, x e
So 44, e“+M-M: 2e™
= dhAc2 = b= % = Yp =% ¢
Ao
(2) Sbe Lﬁ) =j/”+J” =.—‘._3€S" + _@
A A
ﬂ r’:}fsé e JQ-'V\J 3114 () CE : r3+ rt=oc > r(ru) =0




() ct | val [malE

ri o) 2.

n| -t |

B
(3> 3'.! = Coa+ Co Xx + C3 Q—x

93 Now we getnd Yp = gfﬂ. ijpa

;%éﬁ. > eX/ nor tﬁj ofiés' ﬁfﬂ/aéfVW So‘&/ff)’l.fj) =0

AT .
Pﬁ c‘é :‘n{’o L(]) =3€x Eo Je

24, Qx — 3Qx

fD:_ Even Zé'/\oq /l X2 a’a%n’é SO!VC Lﬁ): o,
ifs O/cﬁ'(/aLZ;VW a/o So ééo.fpué ay en Ca&e@

(% = x%(4, +0,x +4.x*)

Dlu’e X 1l ﬁAz Ama‘a/xé z‘néye.r S'KC‘ thot none a/
Ehe Lermp "(fp(?f’:. sotve L{y).—.o, r

L(A.XxYD #0 amd LA ') 40 gnd L4, x40
7’/~¢ /émw%/xé %' faf ‘OA('CA ﬁAc‘S is Erve s =2

Ao ij— = Ao X" + B, x>+ A x”



P/'- = ¢l.x + 38 x%+ 40, x°
1;' = aQ, +64, x + 12 Q. x*®
S

Jé’: = 6'4, + Ldﬁcx

S él), +Zl(447_x+ L.q,{-(ﬁ,x#—(z Ae x® = «ux®
&> (28.)x%+ (€A, +24A )x + 64, +280 = 4 x?

=D gz.= _'i_ A; =3L
3

Q,('HQg'-'-'O =>{A|=-_‘§L

SQ,+Q° =0 Ao = q

= 3,;,_= 4)(‘—:%{ x3+3Lx4

Ad ‘éojeféerwe f-‘nd Eha b

j=2/,_( 43? 23“ +(ﬁ,‘ +th-(‘,+(;x +c_séx+ >+ ax‘-gxﬁ__’s x4
/?eme.méel" mc r'u/é}' m-zf ldafl %F(K) /‘So/a

Nice sform.

But ohat if €9, FD = lanw, or Feo= thex) 7
There r?anodermeé{aa/, Q,ZQ/WKMTION OFMRAHE[ERS
thot, in theor , loor bk %f eery F &. TH even wortor
&)Jéem Che Cae%a‘mtzs g/ e LnDE are pol comlon &

(e w;% e.x/Dé,:n & 02& ,/A"' He cone ofM

L2DE, ./ te d&%w form Y7+ 00y + Qwy = feo




[c.é JH — C"J" -+ C,_yg_. 71: folea s 15 Sc.é'
JP = aigi + ¢(¢g:. where U, U, arc/uncéraM—
o x
Ifw: asoujo{ Pf&] tA:‘s r‘nﬁ: é/u_ :DE fAen bcd&f
4 Lnear DE n o variablesr: Y,, Ue. This well
‘gowe an 69 #‘%god,ébw. S‘nce e ah?,

ol
%’: So&'—él‘cl", &Je’é( 40(0( oM ai"é‘cﬂ'cl‘aa( Caﬁéfi‘a&nlf

Wan

on U anol Ue Lhot is a@d'juq/ 5 moke the zfa.oég/
ﬁnzgj U, ,Ue eorier amd sfl'ﬂ&aw Lees a 42:7&
So butlien.
Stnee ﬁP = Q,J, + Z(:.JL

é’{; = C\qlgv + ua(jn’* a{ﬂz + atgz

We now set ¢<,’3. + i{{ge. =0| (Ev)

So L = UY’' +4Y, v

ond (}7; = u,/;{ +u.gf’7+ zu{gﬁ ’l{zy{/

So

u'/g’uq, o + u{j{ + e Yy + 'P(x)(a,jl/,,. aaj,’_)+ ch)@‘(,‘m,(/,):FOt)
< ﬂ{g;m{yy d, g,’ﬁPa , cxy,)+ ut(y{u Rout 0(4/,_) = Fox)
d=> ulys + af g =F w| (E.)

Ea MOl Ec.‘}?orm a ‘é’nmr ijSZLun of equmétbk/} rn de Vurc‘aé%’
u’, uf - Uy, + afy. =o (Eo)

Uy + wiy =FR (&)



This sqrtom Ao  solebion nly i lf", '4j{=w<7.,.,,>¢o
Sinet Jtlgz. are LT Chis s dz&dczjas Erae! 9' 32

(Ez.)"gi - (E'L)y‘{ : az/jg/j,_- 'M:./yc.y,'-‘-r@)‘tf:

= U= £<’<) 2, =D al = VFZ"),!' dx
W) 5“‘5"‘10

(EJ-JL—(EJgO w/CYit -4t 0= F ooy

- §Cx)9. = C{,=:§E‘iﬂ_ﬁ olx

= Ul =
’ W(y, 4 WG, 4e)

So

= -{Y, FC")S& dx + 4, F.Cx):ﬂ\ dx
gF J W(y.90) J S"‘Kﬂ' Yo




SEC 3.6 [ ORCED (DSCILLATIONS
RESONANCE

Consider o sPr‘.‘vdj—o(wakPoé SC)S Eem cahere
oM externqeforce 'S QCE.@ on Che oéj'«t‘ a floched
to the sprin (O—7g) &—ca&

0 P \3 £, E‘___ /W/daolyzaé-

= gg=[y .y ;=

.srfr’llé -—>

Ajew é&ﬁ’/b -4'&69/70/ ‘/;Lzo Zze%%éééaf/{o/ aCoM/aaé

_ ol
Mass bt ="

2
e’d."'F.'tn +F- = MA—X-

tf-
= d% . dx _ A
JEt -+ Cdl’ -+ ’A X x&
ExAaMpPLE
y w
««» ) (t §
b{.-:\.«vtr;&-\ > :D . %‘!—Y\e
L (et :
ralber fut { - :mg} :f‘}y';%—
oiEh ming o(akf»(:s e Lead-



In Z%,s S‘ect{zz‘m e @;ﬂ ocad on fl(e cald e
Aﬂ{cre E;é = /,,E_Ca'r/wé éﬁ%é’;&o}

Undamp_gJ aqorced oscilla tions

L (xD=mx?+Lx=F5 cosliort)
(e now Lnrocs #ow to sodve Lhes e7m-.é'«'on :
X(t) = X, C&) + )5,(&)

Ef‘ ﬂe uno(am/o eol Cahe :
XH = QCOS(&J,&> + B 9;'1(&-%&)

ik @, = ]/Zg

ﬂ&r&. ore ﬁwo SCenarios ﬂr ‘\'F :
{ﬁ3 o) # Do So E- CW(%&-), lor Nj t/:'éS‘ ﬂrl.l/d-b)’

solpe LUxD =0
(b> 0= 30 omol Fi conlwet) sotres L= o

(a> 6 # 6o Tﬁm XP = QCoAlft) + b sinlet)

= O\C‘;+ AS;,
where C,;/= -0S, S/=0C,.
ﬁm XP= qu -‘-LSQ

X’:, :—5,)24 CQ - b.)QL Sg_’)

So G,(’éa-”ﬂu‘a)—‘- Se {éé—mwlé>= A Co



= b=-o ong A = Fo = Fe
£ -maot m(woz‘“!)

= X = A corlue)+ Bsinlo.t) +

or

5&@(&46)

X = Corlart- o()+ Cos(ert)

(@wo)

I—l'\ t/\.e SFCCl‘OvQ Senarce &Q‘\QPQ X[o) =o ond X)) = o
Coe ‘&,o.vt. &[\At
Fo
0= C corlx) foltd) = C+o

0 =-Csin)

o =0 / C = - Fa-
Mle>%-053)
=) X = F;- (CDS (ot ) — Cos (C'Jo 6))
M (o>%-62)

B\v V\ /Add«m‘éwn o% \j& }po"l'l“v[Mf e Can SIMID»Z(J%
thas Mwlb furﬁ/u'—l‘

(v CQS’(O&»“) = Cas(a.)&o—(é)—.‘»‘in(a)sm(é)
(‘) CO‘?(&—A): Caé'&.)Co'r(é)-l-S'r'nﬁ) S‘l'ﬂ[é)
% (2)-(4) giver

Ca}(&—ﬁ)-fa'r(.:-:_é) =25'nla) s'n (é)
XY W.E

&)f—'= O\—L o — wo&-l- wé—
=) 2
Lo & = a+b = Gk —-E

2.




So Co'b'[w{:) — CoxCedot) = 25sin (‘-J‘:—”é.)ﬁn@é)
amo|
x=_2%Fe <in ((""“" é)sm é_"o‘o é)
Mex*— (ol) N -

If 6 is close o AN Ehen /U,+&)/>>/4J,-w/
OWLd bt ‘ﬁa.vt & Ffdo‘dAclL a/ fwofacéors, 4 /»{'os'c:"&f.'g

4 S‘/oa.s OSCc"Z(a\ é.‘nj.
¢x
® A N\ AT
O |,
T J/l,/)‘é@u

Tis ?%enamwon AYY < f%earcé—w/ exé‘"‘;"é in Drea
oloaﬁam:lfc w%cfe. de Cd«/(M’l (¢ émfs‘ [S"“r“ His’:'ﬁ]

Cone(b) © = o

:Z:h ﬁl\ts Col> e I;Co'e—(e:.)é) Sb“/%— [-(X):a So oo

neeol to oue <

Xp = t”(ﬁla»[woé)a‘— R sin (eat))
For =4 Xp Contoinsy no berm Lhot sotrer— (l=0.
e set CU= G (et) S, =sén(@ot)
2 CS=-S, , SLl=0.C,



Se  Xp=AtG, +BtS,
X;::@CQ—F)uo‘tSu+I3$u+BQtCQ
XS == A5, S s —Aw, S5 — A tattCes + BasCy +Bay G Bt £S.s
= -2 A, S + 2 B Coo — A2, - B £S,
= —emA, S+ emBiyC, - m Aw? 20, -mBareSy
+ At +ABESw = K Co
= S (zm(—)wo)+ C.s (Lmbo>+tS (4.//0,18)4&&4‘,(/@4)

F C@) Since Wt =
= §-&m Auw, = o - =0
em ng = Fo = __E—
em e
amol X = C coresnl- ) +‘M £ Cor(int)
———— —
Xp
XfA //// ouMP‘LékO(& ;>w°o

renoenonce



FoRceD I)aljpED Qscu.c.ﬂzlou;

_T:Z-t DE is nhow o/l%elj/a%aw{nj %rm:

L (%) = zmd(i +colx +hx = F,,_Caa-(m,tf)
AL dt

ﬂcre wWere 8 Scenario 7/or fhe sa&é;ow o/ LiD=o

4_) OVCrO‘.qmng S‘ﬁ:éem
at b&
XH = C‘L e -/-Cg, e wl.é—A a/A(O

> «Ci ampe S

XH =(C4_+Cgé')eaé: with aco
3> UV\O‘MO(&MPed S‘Jsé&m
at
XH = € (C} CosCbt) + &, s‘:‘n(be)) a<o

Tn all 5 scenarios e see that Xy olhcays exponentudy
fowt' 7_%33 “gw Ar_vcra,[ Conbequences :
4) XP Nor ay a//zé oerivativer Shores o term woilh
X
2) X = Xy + Xp Q’/Lq)fszor ﬁ.{je £
Ly Tronsient sotiloion

ﬂg&és (%AOI X}p



XI:>=

o corlet) + b sinlwédd
o, + bS5,

X,; = —awSy+ b &
X,ﬁ’ =-—atCs-botS,,

u:’{ﬂ C‘:'-'-OS“ / S;‘/: GC,J

—Mma w’Cw-méw‘fw -Caass; + cAwQQ -+ 'AQQQ+£L§Q= EQ,

= C;) (%(»L-mw‘) +b c,,;) +_S;3 (b({-mw‘)—a Ced >= £ (o

o ‘mG2-e) 4 b (e = Fo aD + bcw = F,
= & C + Am(aﬁf-u‘l: o=

—o Co + bD = o
D
2
I b-&(%-+bC.w=E; Lo I co
=D - DZus %t
. b% o = Fo D
TSt ctat
So

XP_—_

o (:D o lt) + 2o sin wt))
D%,_ C’o)"

= K ’/Dz-l- c %t CM[&)& )
Dictwt ¢ et
Fo

b
g
=‘Vb24- cted* Co?(wé —o()

m/ué ﬁer’c IS No adfaaj reAohance %r atj (/a,luc of &)
the om

(Dﬁé'wll. o/ e Iﬂoéfoﬂ Hdoes ole/%nol on

0. %p there is a v«&«e (Ip >0 for WO Lhat maximizen te
amP&éudL LLAen e :ij f/\af ﬂe/e ¢S Pracﬁ‘m/ru‘,onance



(]'Lr‘ QD =

EXAM L-E cq /’Jacédt 0( prfj Service kses o
éf&cé_ w:ét\ tLL / é/o“\j Pro/)erfc Lﬁdj%_n

7 loo m ot 1
N w(_j,:f nor -ty e
X "
i & 4355 , _ |

8 (A)t\.e.e.&* eou‘,A Nlél‘- S?f‘rn OLM oé .s-‘ﬁ'e.m w:fl\
Js P
/A—&lo”"),c—sm Meciz d

The Eruch ts ol,e&vcrzn Uo banqarecss oja50£
toch to a cerboin Lozljﬂr Dr. Pf§v A
o cer{’/oun momen € the dongarscos notice o Er«d{;t
A 2m ot a distance of 100 m Lrom Lhe edge
f t 5039 fﬂe_ Cruck, and. start &verf‘d ]?orce
Fo coxv (Vo Z)
with the cum fo rocse the éaﬂ /f/c Zrock &4
enongh 2o Rt Hhe brid
T duora. is Ccprreclé oww( o ‘g-znjqr‘oo Cen exert o

j’orce of =doo N witl it Aick, il éfej succeeof ?



SorLoTioN

8 Qk&e& Cag ZocoQ + Zlogou\ao.roog 50—49— _-4{00°£
ee

’L hgoroO
memj@/‘e/ eacé /Carr‘ze}y 500£ U
The DE is L

Soo X"4 5.0 X' + & -lo% = 8300 Cos(Wiso &)
Sfe?i F::hd X~H-

CE. Soorts 9.¢o3r + 8-[04= o

D e -3 i‘l/?-/of- 450804 — -3¢t 1YI5/
/o3

X, = € oG ) + b sin GIETE))

XP =_f°_ Ca'a’(o/—d>

1D % ci®

= 4.8¢C- 10-3 Co 1//;0_é"?-.35> = PQ&J much Mt(*i:\j

US' os'l[;At W\a-él'Ca £‘o Sc ‘K/Q X)) =0, x@=0
), /
#or a, L j.v% Wy~

-3E

x= & (0.2d4cr@mt) +0.072 sinlEED)
+4.8-107> CorCfldo & - 1.35)

So qé é—- {00”\ = U éAQ Mmax Mtd :‘an/ffom d(

‘25""

e7au££r.um /Dosré fon ¢S < 0.3d , 0.0¥2 . 4.4 << 0.3

e_zz e(z (o2

amo( Ehe {a”arws toon € ebCape ,</



CHAPER 4: SysTEMS OF
ODEs

SEC U.]. FIRST ORDER %zsrem
& APPLICAT IONS.

‘Soﬁ‘( hIe azéofl//v 40466/ 4. eqaa é[aﬂ ‘n 4 aﬂ/noaw
fLMCLLfoﬂ. ﬂgrg are, *Aowe‘/crj M:_ﬂj s?é’a«affow w/ere Joa\

ﬂ?co(fo So‘gl/e A eyaaf/bw n M Mzﬂo wn/mcffo/w.

EXAHPLES N?w‘(f’on ‘) e nof (ou..) #r an cu“ecé' ‘J‘é‘
COM'@M& mays 'n D s

2
X

dx . £
Jnié_z_,
m =5
Mdcz.___a

ar*
a)Aere E/ FJ_/,L; arcfmcﬁ,'ow féa.f Clon aé/?eao( on é’fme/pos.l‘.a,

\/&[oaé ) oee

—72: S‘o'gxtlbn ‘o S'ucé (Sj:/'em ‘S a éffg o//aucz(fon/)/
(K[‘f‘),](f‘)/ ZCf-)) Such Chat l./gyoa\ Ff,j é-A.tA& c‘n)é
f‘t &S‘fwjou j;é—

o= ¢
6 = o
O = o



gr‘ dis cowrse cse w;% ren é’/‘:‘c é‘ ome'&vy o
/_LSé-ar‘o(cf‘ éjségm& dl'k/l sy mw eyuaﬁ’c'on/r - (/o.rc‘ogé gA—

EXAMNPLES (4) Toesprings athachedl o cach other
T n rent buch sdsl['m loof»— 4 4.
Ao
WRRRE LA ea

X|:. x:_..
b[\eh we Aé‘cécA/CoM/O/W Ehe séoryza/ ey G« gaﬂy ]/ércv.s éo
bhe objects

g -E
M{" Mg
IL:r My ngl, = F+R = - Xi’éc +Cx,_—?<4.) '41 -.-m,x,”

Fte, =-A = G4 = mxt

So g (4. £,) x, + t Xo

{l - "g X‘ - :é__ XL
M| Me

UQ on 'é"alb]porn ﬁ-As Scjsiim é’o a Je'r‘stc'ora&r‘ oONne ég_

)c.)eéll:‘J X_‘; = X,/ ) )(q = Xg, (a«m( tEhon- )(5/ K” )(q-)()
Xé: —"(*£¢ £3.

x‘ m, Xe
X(/-'—' Xs .
Ki= 4t x- Stk



So s —kavc o e?mt(‘ow ‘n 4 an ‘Lﬁown /mcé.'on/)- Xy, Xe, Xy, X

C&CA n 4 Va"«‘dé&: £.

Zcé' X be maky of Poééaﬂé{ﬂ éé A
Xy “ ‘ “ e
T hen
X:(é-) = GO 00— C.(p) 20.10°
X{(E) = Co() 30-105— Col®) 10-16°— C(®)20.10°
Since Vo= loo 106 amd Ve = too .16  are com tants, we %m/(

(oo -10‘ 20 -(o(

So

Xl/(é‘) = -—% X, + %’-gx,_

d = 3 X, - 3



O]'ZLLG” [%Feci MF 4:25) Ore en Cown L('e.rs 27:7‘«%—
o/ ) Aer‘ or’a[ér‘aérbg ? 776'/.5( &n aﬂJ é(

re ceo/ fo an e7a£va/énzé s /bfem 4‘*0/'0(&"
@E}r we wi%.éﬁoaﬁ “goca g 6/0 féfl?jér o

.S;:lfet eft(ouéc‘on. 7;- Con\ler’é'a dofa gc-sj S/’MU&LJ‘M}‘
Need to afzé EA(‘S me éAOO/ l% 8464 Q?u«f(‘on.

EXA”(PLE({L)Convw{: X(”)=5(x6’")/ X(ﬂ-&zm/ X0 X, €)
éo ox:js Z‘_‘em 39(/,7:{' ofoél" .@EJ&
Qolution: Define x. = x9

Ehen e é;t Ehe fo&cw:ﬁ L-stfe,m o/ @E%, .

X = X,
x/ = Xt
xnfv‘-xn-t

xn:| = f(x..-.,X..-u cen s X4s Yo, é)

(2-> ConVerlé X”//— (X//-K = éz Lo azszLeM

o f 4_# orcld’ ‘:DE k
So &f:«‘on
V4

Set X, = X, xe =X, Xs =X, Xy=x"

/ / _
7{&4 a)e(jcl' X = Xe X‘, = Xo
X{ = Kg Xe = Kg
= /
xs/ = Xy > Ry = Xy

Xo— 6Xg X, = &> |[( %= 6Xs + X, + &




(3> Com/er‘e {j\ed‘»po%ominj 856@“ @ODEA— Lo

a sk oroler one
X/= = X +Y
3//: ex’ + X -9 + L=

So &6;'0!’\.
Z&és JO éAs e.7mfc‘akg_éj eyua&éﬂ.
For x" = 3 X £Y we Ael X=X, Xe=X) and 4=y

;X(/Z Xz
Xr_’: 3 X -"(-‘j|

Fr ﬁ/\c Ser.'onal equqﬁ:bn, J’/ =ex’ + x —J +lfz
e a@mog seb ¥z xy, x=x,, Y= Y- AR 025 need 4o
/Bet gjg_ =ﬂ/ to cjcé'

£ =5
Yl = eXe + X -9, 1t
QZ[ ‘L&jcder ALY #o\ve Ehe %%Q&QS];M

So we(je.t

X?/. =3X| +(94_

g =Y

2

I'\ Some CQohdesy one Con aAo exlf'/acl( DE+ in o
A,gé Va.fl'dbéé %’om a scysée.m o/ OLEs.



EKA”PLE @e.rc'\m on ODE :n Ehe VN’IO\L@_ X
Yom Ehe ﬁ%w&ry (Sjséem

‘=2 @
So&ﬁl‘or\

% Och‘Vle éaﬂ s.‘aé%//@ e Je.é X//:—fj/
Since J’: % , ths meany éAaf

X”= —2X ==X

[\

So )(//-l-X =0

TE s tMFer(',an(: te nobe that, éj Laking o olervatbive
0_{ éoéé sv'd%’cyﬂom €7ao~é?0/’l and then So?:/zj zf/af
e?aaéz‘oﬂ He M /Z‘ %«Ve f‘ﬂé’odaceC//zowSogcébw.
Tote ‘€9 the DE X' =¢ Tls Q?u-.l'rbn Aop
Xz 2€4C o5 o selution. #m olercve bolh sioles
Ofkas e?um.La‘on ﬂmw:(jcf x”=o. This ‘%a/k
X=CiE tC o o Sa&i‘:‘oﬁ./ Se oe(jcfom 20 pamber
of extra solutions! THis is becomss the okrivbive cs
noé an (n verér‘é g a/perazér‘: a/olgg a z‘ Lo o ancé.'on
Coumrery you o bse tnﬁ(‘mo{éc‘on! ﬁ/z‘ar o(er«‘\/inj own
e7o\o.£’aon omol So@ r‘é,jou SAau/o/ a&ga sué.s?(e‘lza/e
a!Af‘.S‘a‘&\é(‘on (‘n’/'o the oa‘jc'na,{ eqao\lél‘on o JZ‘NJ any
Possflpé Cowﬁ'ramfs jou pé;j/\(' hove rm'sSqo(.(



For x' =2, suéskéaé;(nj x= c & tey revecds
&[w\l: 4 =2 Se éAe ac?Laaé S’o&é‘e‘oh s X= e+ Ce



SEC 4.2 THE METHOD OF
ELIMINATION

PRrREVIovs SecTioN:

"ﬁdl\cr‘am{er DE: X(n)=‘)['(x(n-'),._., x5 x”XJ é)

v

Xc;“ X

X.' = Xl
Séstem. o{ 2 Toroler :
tDE% Xn{z -— xﬂ/—l

X,,'_, =f<xu-l,---, xt + X ) Xo,é)

THIS SECT ION
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7

’,vker oroler .DE/4 in 4. Vo
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o /{ Van‘aé&a



EXANPLE Sabve
§x’=-aj eqn +

\9"'"%’( Q.:,v\t

If we Ol&r?ut en[mt.w.r.&. X we 6:1’ et~
,’ !
X :—3) = —2.-(%)()
Soe X'z _x2=> x"4xz0 = X=C coalt)tC sinle)
= Qs lé-o)
F‘om eqnv.f. bt(/n.dl ﬂat

(j= _% x’=_'z(A(-sin(é—X))>

= & sin (6-
Uoé'e Since s?n"(a) t ox'Bd1 o fa.vg fka.lf
<%_5)2 +(:x)" = 4
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/,}}
<
!

;MPORT—ANT NoT E
Aftd' fnd-g that xe= Acon(t-00 cwe coutd shso
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J/.-: Lx = J;i_c»(é-x)

Iu‘l"ﬂém&bl\ ek'.lk 6?\/07
9= LsinCe-) + ¢
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tAU are rebted & cach older
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&= O = -2C
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Y= Ay sin (¢ - o)
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_Bon(t-x) = -3 Qe v (£-2)
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&> Ao (b-a) =2 A amwle-o) Zor oM ¢



ﬂ/lzn exfmnd;ra by (L -&) = C eomld) £ Cu sin (F)
Ap con(6-Ke) = Cacon C€) +Cysin (E)
axdgt'
2¢, oAl + 2 cosinll) = Cycor &) & 4y SinLE
Sz[‘(.‘e] t=o giver 2¢, =Cg3

le-t:n() E=T giver 2Ce = C4

So There are Mé’“% 00,1\4 2 I'll&[(f")éafc‘ntze raé'an
Camfau\és, (j
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B
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K.A" + Ko A(t + K‘!nls

€ hen

I
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I

Xy C 4 x,.qg- X3 Cs = |Xifu + Keler & X3Aes

XAs) & Xe Ase 4 X3 Ass3

ﬂf —_
column vecCor

jou Con ver. Che fogowm Pr‘c Perf:«‘w apm«én‘x
Mmu K(Za‘o&cml:fon ;

. A(Bg) =(88)¢ (aocinfive)

2. ﬁcrt are Ma.él"r‘CW A E S.é. Q é %é___‘i_ (M‘{' Commx‘faf:-a
5. 8(B+g)= +8<

(olis'f_ri Lkllf Ve )

A4 +B e==gg+§;
oo o
co O - -

€ Qv\ M xm Maéhx = ’Aaly oa (nverse A-l jf q/ (é /
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det(A) #0. Tf se it satistier AA™

Harrix VALUED FuncTions
A Mmfl’c‘)( onse eémen zf's au’&(/cmc éfow (S Ca%O/a
Mafr;x \/a\‘&n!o( ‘f m\aﬁ‘on.
EXQ“PLES_(;L) X, (&)

X Ce)
XCe) = |7

—

x;\ (¢)




(2) Qn(f) ’qn ({') -t 4,,\ (6’)
A ) - 5

O &) OpCE) -~ Qpn &)

Such func_ ionke con be differen ér'qéd/ M/"ZwS:
E@"fﬂy - L% ﬁf{lj (6],

FIRST ORDER LINEAR SYsTEMS

ﬁe Ncic A(jujém/y jgrwﬁ'c/ fAe L_LAeorem ofexr‘sfe/t(c’
andl Mt‘quenw 6(/9/0%&5’ con be wrz'zfz‘en R f/t%:rm

X = @ xee) + fte) @
w‘\cra _)g,x’,j are VQC('orS ojf %éf h, amd __li (S an RNXn m«én’x.

L4

A So&é roh 'éo @ (S avccﬁ»r' 5_(6) =
®. _
® LS Cagge&{ Aa/&{?_je/leaw# (7/ f(é) =0 = o

. t‘a.f So £l‘$ r
Xn(é) /w

If @ (S ‘%omgjen eooly andl the
Vec.tors X4 _’Sg ore é’neauﬁ ino(QFendznf so&»é‘:‘on/g/
ﬁ/\en a/Z( Sa'&«.ﬁ{o/wf e @ are o/ﬂc(]porm

_&(é> = C, ,2<_4_(f> + & Xe (‘é) +---+ Cr\_ﬁh (1‘)



\yca Con cl\ec.L &mw moéependence Viaa CHhe Céﬁ:rmz‘nmf
Xe ,o) Xn are LT #ra‘é( E inan nzf'ert/a/l_/ana( "’?’

# deb([um-n] ) ko on T

A& So é\é/‘ow é: Zﬁ%t lzon—-%am ep ot~
S;j'zi‘em ® are 0/ e jform

_X_Cé):: l(H (i‘) + L(P(‘f)
U/\efe ili. IS (f'/\e(jcneralsoz‘élbh Z..La ﬁ%e moc:'o.Z{O{ Aom
eqn ama( i(_'g_ (S azuj Sa&é’r'on zfo @



Sec 5.2 THE EIGENVALVE
MHETHoD FOR
HOMOGENEOUS SYSTENS

—Tc-p— So(l/e a Scjs{’em o té(f

hxh Mabf x of com foun bs
= A X (H57

—
——

ﬂé
v e
®__ cowntont veeEar

X/
(AR TS é’_fJ [_’l\e.fo%owc‘ ‘&
_)_(_:

'P&L‘?j' this inte @E) Jivern

A_\Le = __Q_.\i e.;‘é
= AV = av
. _Qy_-.-. ) g_fv_w Emobein 6
. I(Q__ ")y " zero veetbor ®
% 4
TFf olet(tly) £06 ¢ can m""“‘f’ﬁ both sider by
H, éo(je.é V= M0 -0

Stch is not an mfereaécj solulion.

If ole(/;(__r_'f_g—o there exists no M3 owmd ar il

Aave Mug/:c‘]?@ nen O solelions Hr v.

TT’K& me Chod fo (}Q"AJ A% omd nongero V's that sodve
(S Caﬂﬂd éﬁ.e EjenVo.&xe meé'\od



EIGENVALVE MET HoD

(W Firs € oud’@:no\ all "Doss}laea A Auch that det(Mg):o.
Since oleﬁ(rj__a) s AF«&SMM?J c\»fa Ehe n* o(&lree, we
exPQc'(? G finol N Aolnliom cokere some 0/ the 4%
mz'ﬁlu‘ be eqw»(.

(2) NexE we OEInJ 8¢ Poss{bea V4. Ts oo So, Aoa/e Lhe
equaf{on Li_;\ v =0 foraj( valuey o/ 4. Given o 4,
Ehen the [T sofubiomr for ¥ are denobed by v, v, vi*)

DEFINITION TZe vaduer of 2 ]por‘ which _ﬂiwﬂ-ng
‘KM 0‘&&(&@\): o are CQZ[R()‘ %eu\/a'&aw of ﬁ.'T%e vee Eors
\_/_,\('3,..., \_,gt) j?or which t{;g_ \_/,:\'.‘= O are called the egenv«foa
of A be (’a:j.:j to (or amociated £o) 4.

THhe maﬂ'?’)&q@ of om e(?;o.n\fau&u A (an araoécz/.o the Poﬁnmlo-!
def(ﬂa» (S Co\% The o\(‘égbra\fc mw(LL(,pdc_:Q of 0. The
Namber £ ‘7{ LT eivenvectors M;?'),.--, _\Lf\“ Aeéfj\"j bo 4 s
(ax/&o/ its é\cmebﬂ‘c majép&(élﬂt oifference beliveen Che
d«L(jeEra:c &aeomcéh‘c mdéfp&c:fj of 4 is colled its ﬁefic_f_.

PROPERTIES OF EIGEN VALUES & VECTORS
(‘4—3 If _\_/;f'),..., _\{;,a') are cé'gen VecZLor_s écgyg o A Uen

V=, \12) 4 "-C-L \_/2“' (S ajl}a an eéju\\/ec{‘or Bt&ﬁd?ﬂg o

A. (D(w\ OH\'J‘ mor‘o(/?: a&j &heour' Com‘a?r\o\e(on Of
&au\wc'éor_g E)Jooatcj ‘ﬁc an e;éu\vo.@\e (S Sé':'é(om




QBQhVQCfOF fdr that ec‘je_n va {ue..

(9.} EVQU A fop ot &o-éf 4 e envecfo/‘

fS) 'Tﬁe O(ejpecé o/ MJ ‘g en VD»ZQ (s o beort O. U.é/\
ofler wordh: the Jeér‘o\?c mw(['«/o(c.f ofﬂ (S d.d)ajzj/
bwef z%an or equa/( ‘o ('fs aﬁtefg& malﬁ'f&cf ,

M‘ﬁ ) &) éochéﬁer r‘miaj bhat %Q Los aj. male. 4,

'l mart have exacég 4 LT t:.‘foz«/&f'o/‘_g.

(4/) E«ﬂen veclors ée égj:‘nj' bt oA-ren ¢ ecfjem/aﬂeéf
are a.g?jjla— LI If an hen malrix A Lok 4
differen & e,éje.n valdner hen it Ao n LT e(“jen veclors

lfo-r é&c‘s Sec.éc‘on e mié[ asrume  thatt A Lon nd«#%rcnl'
e.(']u v/a,&«u’. T thot cose we con solire
X' = Bx
Ay fo owS:
[4) Find ol e,(,‘jem/a,&yy A )-) n  amd Corpronoanﬁ—
e(z‘ja\vecéors Wy Ya, /or A

(2) CoMéracf S LT soéffolw’ M%o%a)S

A E At VNS
Xe = _‘_/a,e s Xe=Vace™, ..., Xn= V@

=) I‘faﬂ 9; are ménéAm
X = Z C. _\_/;\;e

(=4

A E

.u\{(\(ff Some ﬂ; are CoMf&’(z M<Jroa/t> éKeM in CoM/Dé/cfau’/J'

lech an ol Cfeqée ¢ LT fea/Soéér‘aW%’am eacl /'Dou'fi



EKAHPLE.S (4—) Find ajznﬁrae So&nt‘on to

X,” 4 2 | X

el T 13 -l | Xe
(1) Find evabrof a
C{CG(—H_;&>= O

=) d(b(@__—ﬂé):(b

=) olc/.’(u-n - )—_:c

2 -l-2
=)“(4—’/\)((+ﬂ>—é = Q a _-3+7V43 _ .
t = p—
=S —a4%+=2a+10 =0 >
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-2

(2-) 7:_«/10( ex/ecs fof eocé 2
AL > S‘og/e _/b_, K.;\‘ =0

> (A-2d )y = O

6 o
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3 4B o,
= (o(—f-(LF—_-o
BA + F:O




Mote ééal‘ 7Z‘e Pl e?maffon s ae f‘«a@ Ele same an Che
trst one. This is no coincidence! @em.ano(:uj hot d(f(gg >=o
is Ehe same ak aémmo&y thale at leart one of he rows of
fi/g__ is & lneor combino Gion o/ the olber onek .

(L)e. (‘?‘u\& “:L\o.'(,’ B = -3K Se \/i' = _O;o(=‘ 13 ,(,JL!(!
d con €alke ey \lnl»&.

S;V\Ct ‘{:‘\QAQ v&c{'af‘s ofsre -eivxgcx('g o\gfeu\cieh\e' e Gn ov\jz,
ée_(: 4 5‘0’&.{&{0V\ \?row\ ﬁkkh\ au\o\ NS on SLL‘ A G omy,

nen -0 Vd-lMij BN A= 4 .

Se Va, = _'3

E (A)Q ,\._e.d 'é'o SQ.eIJ(

I

3 -C|IB 0

27
Se X =B omd Vg, = |

TI\( f"nol )éoe«(' ton s Hhen
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——

] -t& 7] s€
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Sec 5.2. £5.5. COHpLEX

E-vaLs & E VALS WITH

DEFECTS
o comf

L&Sé’ gQC'éUfQ : _ro-Se(v€ 5_’= Q& s O Su\()s"lLiéuf'c
AE

X=Ve amd  geE an Qigjm V'O\eU\Q Qq(l\met‘on

A-42)Y =0

To sotdve:
@ Find e-valr A laysoivtgj c/gé(ﬂ-_i_;\)=o
@ F-or QacL\ Q-VQQ,(y:ncl e-vecs Ezy S‘o'eving,
(A-42)v =0

I\f e are LQLZJ Ehen E)__ '(ak N O(-':g)crev\t reat
e—\/ajlr D)y An , coch worlh a an.'?mt e-vec _‘{a‘,,,,, Va.
‘T?'\e Soewé.'c‘on ‘S é'/mn _
n glt
x=2_C; V. €
gcmg éc’MWr I\owtve!’; Joas m.‘a/\& Aove
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(b) o(%c::éivt e-v«,éa



F;r now we w:% Ma««'nc'é ﬁcm on Cote (0) owd
cone (b) cshere €Ehe afdcbmtc mdhpéc:g ef aw
A is of moste ond its O‘A}aecé aé masf 4.

@) CoMpLEX EIGENVALUES

EXAM DLE So&/( X: = H - X"
! Xe 3 ql X1
"'.—_\V\-f

(4) TFendl e-VnJlr of Q_ & A
c[c.lé(@-ﬁ\:é) =0 = deb( 43-5\ ;3J>=o
=> (4-9)+39=0
=) (4-a)°= -3
= {-4 = +42 3
> a,.443i 9, =9, = 4-32

Lt[’g UO\M’Q t/« fazé éAa.‘é ﬁ ¢S Comf&x de COAéiﬂut

@ Find e- vecs per e-val
A= do S'D _\{3;

[}

4-(y+3i) -3 { 2
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y A LIB

B
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= o sif|p o 3X-3LB=0 (E£.)
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So °
i 3
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4 ] o

B |

=
=C¢e"é( ;:((333 P S >

Sin(zt)

= CRe(X) + . T (R) 1

But X selver x=Ax,ce X=AX
or Ce Re@R) + Cs Tm®' 2 = A Co ReF) + G TMG)1
= Recs) = A Re(x)

TnG) = ATmG)
so Rel®) amd Tm (%) each solve. Ehe Qquaéion.
More over, Yoo o show that tkzy are aewo\(?v\- Z;mo.rea,
indnpendant. Tlere fore

X = caR(®) +¢e TCR)

o e‘,é. —sin(3t) . o4t Co?—(sé)
Cor (30 Sin(sé)




Genera( S‘Lr‘of;&% fcr So 4/:"5 X -ﬁx wl«rt

A dor n okﬁperenl.— (‘Pe$$|Bé Conre&X) e~valr

@(av(c e-\/a/("(ofﬂ: QA,..., n

@ T:ar eo.c/c fea.g e.\/ag Ca/taéf{ zlls Ve, jér eaca/
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REVISION MIDTERM 2

Sections 3.4 -3.6,4.1-4.2,5.1-5.5

Original slides by Gert Vercleyen



IMPORTANT NOTE:
These slides do not revise all the material!
Thev’re not sufficient to revise for the exam!

They’re meant as a guide to some of the
kev concepts In the course.




CHAPTER 3

Mainly: Particular solutions to LhDEs and springs



Sec 3.5. Nonhomogeneous equations and undetermined coefficients

Non-hom equation

L(y) = ), aD'y = fix)
=0 hgeneral sol to hom eqn (with f(x) = 0)

— any 1 sol to whole egn
Solution: Y=Y, T Yp —

Methods to find y,;:

1. Undetermined Coefficients

2. Variation of parameters



Sec 3.5. Nonhomogeneous equations and undetermined coefficients

Undetermined coefficients
1. First of all: iff(X) =fl(X) + .- +fn(x) then yp — ypl + .- 4+ ypn, where

L(ypi) = f.(x) for all 1.

2. If f(x) (or f,(x) if you split f(x) up in parts) is of the form
p.(x)e“ cos(bx) or p. (x)e™ sin(bx)
¥~ /'th degree polynomial
There are 2 possibilities:
A. f(x) nor any of its derivatives solve the hom egn L(y) = 0

=y, =A@y +Ax+--+ A, x")e" cos(bx) + (By + Byx +---+ B, x")e”™ sin(bx)

B. f(x) or any of its derivatives solves the hom egn L(y) = 0

=y, =x ((Ag +Ax +--+ A, x")e™ cos(bx) + (By + Byx +---+ B, x")e™ sin(bx))
Where s Is the smallest integer > O such that y, does not contain a term
that solve the hom egn



Sec 3.5. Nonhomogeneous equations and undetermined coefficients

Variation of parameters
If f(x) is not of the form

p(x)e“ cos(bx) or p. (x)e™ sin(bx)

or some of the coefficients a; are functions of x you need find Yy by using
the following formula

Y2f(x) J ylf(x)
=y | =22 dxty, | =g
b yl[ T2 Won)

where y,, y, are two linearly independent solutions to the hom eqgn
L(y) = 0 and W(y,, y,) is their Wronskian



Sec 3.5. Nonhomogeneous equations and undetermined coefficients
TYPICAL QUESTIONS

9. Determine the appropriate form for a particular solution y, of the following fifth order
nonhomogeneous equation, using the method of undetermined coefficients:

y(5) + 6y(4) + 13y/1/ _|_ 14yll _|_ 12yl + 8y — x(e—2w _|_ COS x)

Use that 7° + 6r* + 137 + 14r2 + 12r + 8 = (r + 2)3(r* + 1).

A. y,=2*|(Az+ B)e ®* + (Cz + D) cosz + (Ez + F)sinz]
Y, = (Az + B)e ** + (Cx + D) cosz + (Ex + F)sinz
= (Az® + Bzx?)e % + (Cx? + Dx) cosz + (Ex* + Fz)sinz
Yp = (Az* + Bz’)e ** 4+ (Cz* 4+ Dzx)cosx
y, = (Az* + Bz3)e ** + (Cz* + Dx)cosz + (Ex* + Fz)sinx

= O QW

9. Given that the characteristic polynomial of the homogeneous differential equation

y® — 6y £ y@ 1 549" —90y” =0 is 1. If the method of undetermined coefficients is to be used on

P(r) = (r* — 9r?)(r? — 6r + 10), y' =2y + 5y = wsin(2z),

use the method of undetermined coefficients to find the form of a particular solution to which one of the following is the correct form for a particular solution y,?

Spring 2024 Fall 2024 Final

which exam

VO _ 6y 1y 1 54" — 90y — 1 4 dze™ — sin 3. == A. y,(z) = Az?sin(20) + Ba? cos(20)
W A y,= A+ Bz*e’® + Cze* + Dsin3z + E cos 3z O B. yp(x) = Az sin(2z)

m B. y, = Az + Bze®® + Ce® + D cos 3z + Esin 3z m C. y,(x) = Azsin(2z) + Bz cos(2x)

: C. y, = Az® + Bz3e* + Cz?e* + Dsin3z + E cos 3z o D. yp(z) = (Az + B)sin(2z) + (Cz + D) cos(2z)
- | 0 E. y,(z) = (Az? + Bz)sin(2z) + (Cz? + Dx) cos(2x)
“ D. y, = Az* + Bz?*e** + Cxe®® + D cos 3z + Esin 3z m —

E. y —Aac + Bz + Cz?e3® + Dze3® — E cos 3z .




Sec 3.5. Nonhomogeneous equations and undetermined coefficients
TYPICAL QUESTIONS

q. 1. If the method of undetermined coefficients is to be used on

N N y" — 2y + 5y = zsin(2z),

N E which one of the following is the correct form for a particular solution y,?
m | A y,(x) = Az?*sin(2z) + Bz? cos(2z)

: m B. y,(z) = Az sin(2z)

l: % C. y,(z) = Az sin(2z) + Bz cos(2x)

Q smm| D. y,(2) = (Az + B)sin(2z) + (Cz + D) cos(2x)

m E E. y,(x) = (Az? + Bz)sin(2z) 4+ (Cz? + Dx) cos(2x)

7. Find the general solution of the equation

I
: 26t
B /" /

— 2 = :
™ VY=
< A. y(t) = CietIn(t? + 1) + Cytel tan—' ¢
g B. y(t) = Ciet + Cote® —te! In(t? + 1) + 2e tan~ ' ¢

t
_ (ot t
N C. y(t) — Cle + Cgte + 1 —|—t2
— D. y(t) = Cie' + Cyte' — e In(t* + 1) + 2te' tan™' ¢
© E. y(t) = Ciet(1 — In(t2 + 1)) + Cate!(1 + 2tan~'¢)



Sec 3.4 and 3.6 Mechanical vibrations

General equation for mass attached to spring
mx" + cx'+ kx = F,cos(wr)

You need to know how to solve this equation for the following scenarios

» Iy = 0: no external force so just Lin hom 2nd order DE

» If ¢ = 0: no damping. Solutions can be written as A cos(wyt — ).
You should know how to convert ¢, cos(wyf) + ¢, sin(wyt) to
A cos(wyt — a)!

« if ¢ # 0: damping so either under/over/critically-damped system depending on
values of m, c, k. You should know which scenario occurs for which values!



Sec 3.4 and 3.6 Mechanical vibrations

General equation for mass attached to spring
mx" + cx'+ kx = F,cos(wr)

You need to know how to solve this equation for the following scenarios

» Iy # 0: no external force so just Lin hom 2nd order DE

» If ¢ = 0: no damping. Resonance occurs if w = w, ( =+/k/m)!

 if ¢ # 0: damping so could have practical resonance.



Sec 3.4 and 3.6 Mechanical vibrations

General equation for mass attached to spring
mx" + cx'+ kx = F,cos(wr)

You should know the following terminology and how to obtain this data from the DE

» The natural angular velocity of the unforced spring: @, = \/ k/m
» The natural period of the motion of the unforced spring: T = 2z/w,
» The natural frequency of the unforced spring: | = w,/(2r)

» The amplitude of the motion of the unforced undamped spring: A.
This depends on initial conditions: it is the value A in the solution
x = Acos(wyt — a)



Sec 3.4 and 3.6 Mechanical vibrations
TYPICAL QUESTIONS (Fall 2024 Final)

5. Which of the following graphs sketches a solution of the differential equation

y" + 4y’ + 3y = sin(z)?

(In the graphs below, the horizontal axis is the z-axis and the vertical axis is the y-axis.)

L A AAAAAAAAAAAAAAAAL

8. A body with a mass of 250 g is attached to the end of a spring that is stretched 50 cm
by a force of 2 N. There is no damping. The body is set in motion by pulling it from the

equilibrium position and letting it go. Find the period of motion 7" (in seconds) of the
body.

(Recall that a force of 1 N gives a mass of 1 kg an acceleration of 1 m/s?; 1 kg = 1000 g;
1 m =100 cm.)




Sec 3.4 and 3.6 Mechanical vibrations
TYPICAL QUESTIONS (SPRING 2023 Final)

10. Write u = —sint — cost in the form v = C cos(t — a) with C' > 0 and 0 < a < 27.
A. u=+2cos(t — m/4)
B. u = cos(t — 7/4)
C. u = cos(t — 5m/4)
D. u=2cos(t — w/4)
E. u=+/2cos(t — 57/4)




CHAPTER 4

Mainly: Mainly converting between systems of
1st order DEs and higher order DEs



Sec 4.1 First order systems and applications
CONVERTING FROM HIGHER ORDER DE TO SYSTEM

Equation ) — = f(x"~ Lo xx, )

Can be converted to system by setting x; = x% so

[
Xo = X
r
Al = X
/
xn 2 = Ap—]

/

X, 1 =X, 15005 X1, Xgs )




Sec 4.1 First order systems and applications
STRONG THEOREM FOR SPECIAL LINEAR SYSTEMS

IVP of the form X
X[ = ) prx;+fi(0)
1=0

Xy = an,i(t)xi + /(1)
=0

x(a)=b, for i=1,...n

(or equivalently, of the form X’ = AX), satisfies: if all p;;and /. are continuous on
some open interval / to which a belongs then the system has exactly 1 sol on /



Sec 4.2 Method of elimination
CONVERTING FROM SYSTEM TO HIGHER ORDER

Elimination can be used to convert from system of egns to (several)
higher order equation(s). For details: see section 4.2 in the book.

Important remarks:

1. Using elimination might create fake integration constants: constants that
appear to be arbitrary but actually depend on one another. To know how
many constants are expected: see pg 246 (green box) of the book

2. Because of this: avoid this technique whenever possible. If your system

is in the form X’ = AX, always use techniques from chapter 5 to solve it!
Techniques in this chapter are only useful for systems where the LHS of
some equations contain multiple derivatives (e.g. eqns of the form

like x; +x, = ..., x] — 2x, = ..)



Sec4.1-4.2
TYPICAL QUESTIONS

given that 1 = x and zo = 7’.

/ /
Ty =11+ 3, TH=—2%— 4z,

/ /
LT =29, Th=—x}+ 4xy

. xy =29, Th =4z + 15

L Z =29, Th =z} — 4xy

I __ — 3
LTy =4z, T =)

m O Q W »

4. Select the system of first-order differential equations that is equivalent to z”

—4x'+2° =0,

SPRING
2022
MIDTERM 2

e
Ly = T2,

I
Lo = I3,

" — 2tx" + t*x’ + x = —3€!

(%) + 23 + t?z* — 2tz = — 3¢

" + z" + t?z’ — 2tx = —3€!

@) — 2tz + 22" + 2" + 3elz = 0
" —x" — t?x’ + 2tz — 3et =0

FALL 2024
MIDTERM 2

=2 O QW >

2. Select a differential equation which is equivalent to the following first order system

Th = 2tx, — t°zy — T3 — 3€.




CHAPTER 5

Mainly: Solving systems of 1st order homogeneous DEs
with constant coeffs



Sec 5.1,5.2,5.5

EQUATION
X'(1) = AX(t)
Solution strategy
1. Compute eigenvalues: Let M, = A — A1, solve det(M,) = 0.

2. For each 4,

1. Determine k = algmult(4): how often does it appear as a root of
the polynomial det(M ,)?

2. Find all eigenvectors for the eigenvalue 4 by solving M,v = ()

3. If you found k evecs, A provides the following solutions:

X/ll — Vlellt, ’X/lk — Vkellt



Sec 5.1,5.2,5.5

EQUATION
X'(1) = Ax(t)

Solution strategy

4. If you found less than k evecs: need to find generalized evecs of A
until we have k generalized evecs in total:
To find gen evecs: for every evec v of A compute chain
(vl . vl™Y as follows.
Start with v!!! = v and solve M/IV[H_” = vl with i = 1 to find v/,
if this equation has a solution, solve M/IV[H_I] = vl with i = 2 to
find vI°! and so on until the equation Mﬂv[iH] = vl has no
solution.
You construct a chain for every eigenvector of A until you found a
total (counting all evecs in all chains) of k evecs of A.



Sec 5.1,5.2,5.5

EQUATION
X'(1) = AX(t)
Solution strategy
5. Every chain {vl!l ... v"} of evecs of A provides tzhe following solutions
Xﬁl] = yllle#, ng] = (vt + vI?he#, XEE] = (V[l]% + vl 4 vBhett

Note: If any of the A are complex then that A has a conjugate eval A (which you
should ignore) and it brings forth 2 solutions rather than 1.

These are just the real and complex part of the solution that A provides:

X,; = Re(v,e™), X, , = Im(v,e")

If a complex eval is defect, I.e. there are not enough evecs to provide all
solutions you just find generalized complex evecs and set the solution up as

usual. At the end, you split every complex solution up in 2 real ones by taking
real and imaginary parts.



Sec 5.1,5.2,5.5

EQUATION
X'(1) = AX(t)
Solution strategy
5. Every chain {vl!l ... v"} of evecs of A provides tzhe following solutions
Xﬁl] = yllle#, ng] = (vt + vI?he#, XEE] = (V[l]% + vl 4 vBhett

Note: If any of the A are complex then that A has a conjugate eval A (which you
should ignore) and it brings forth 2 solutions rather than 1.

These are just the real and complex part of the solution that A provides:

X,; = Re(v,e™), X, , = Im(v,e")

If a complex eval is defect, I.e. there are not enough evecs to provide all
solutions you just find generalized complex evecs and set the solution up as

usual. At the end, you split every complex solution up in 2 real ones by taking
real and imaginary parts.



Sec 5.1,5.2,5.5

TYPICAL QUESTIONS

5. Let x(t) = [a: ] be the particular solution to the initial value problem
2

X0) =, §|x0. x0 =[],

Find z;(1).

SPRING
2024
MIDTERM 2

6. Solve the initial value problem

2 —1

14. Consider a 2 X 2 matrix A = L 0

x' = Ax is

FALL 2024
FINAL

11. Consider

x(t) = €, H e ([(1)] it H)

Then x(t) is a general solution of the system x’ = Ax with

]. Then, a general solution of the linear system




Sec 5.3

For system with 2 equations X' = AX you need to know what solutions
look like based on the eigenvalues of the matrix A.

An overview of all scenarios can be found in the book on pages 318-319.

It iIs important to know the names of the various situations!
NOTE: | forgot to mention the case of parallel lines with 2 zero
eigenvalues and repeated eivenvector



FALL 2024

2024 FINAL MIDTERM 2

SPRING

Sec 5.3

TYPICAL QUESTIONS

4. Identify the direction field of the following system of differential equations

[ﬁigg] - [:3 ~2] |

vvvvvvvvvv

vvvvvvvvvvv

. 191

vvvvvvvv

vvvvvvvvvv

11. Given the phase portrait of the system x’ = Ax, what are the possible eigenvalues of the
matrix A?

)

MIDTERM 2

SPRING
2024

= 0 QW >

SPRING
2023 FINAL

4. Consider the linear system of differential equations

For what values of the parameter « the origin is a saddle point for this system?

. Consider the system x' = [

No value of o
a< —1
—-1l<ax<xl
a>1

Any real o

2

] x. For what value of «, the origin is a saddle point

1l —«
4 —1
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