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FUSI®N CA+EGORIES

boundaries\ Their applicacions range from the abstrace domaing/of algebra,

copology, category cbeory, and reppesencdation cheory to the praccical disciplines of quancum

informdcion and copological quancum compucdacion. Despite cheir tisefulness, there is a

significanct lack of\exaniples of such cacegories and an evgn greacer lack of

)
—MISSION OBJECTIVES

o— Complete the classification of all (braided) (pivotal) multiplicity-free

ational daca wich which to experiptent. T'he goal

—SULTS

o— All multiplicity-free fusion categories (973 in total) up to rank 7 have been found.

PIVO+A]
& SPHERICA

of our research is to find and share as many examples

FUSI®N

of multiplicicy-free fusion cacegofies as

: . FUSI®N AF+EGO®RIES The number of categories with specific properties are shown in the Venn diagram.
fusion categories up torank 7. possiblc. The number of categories per fusion ring are shown in the
o— Create a package containing CA+ E GORIES come with a braided scruccure: bar chart.
come with a pivocal scruccure
all explicit data of these categories, bz o B:a®b—>b®a — GENERAL PROPERTIES

functions for working with fusion categories, and
functions for finding more fusion categories.

L Every multiplicity-free fusion category up torank /

ural censor isomorpbism that ma
P ps admits a pivotal structure.

¢- Not all fusion rings with modular data are
categorifiable.

o— Nake the data availlable online for other researchers.

[ e
— ARSENAL - ANYONICA

Anyonica is a Mathematica package that provides an arsenal

PIVO'EA EQUATI S
Dc bc? bc*a c*ab1b*
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“These are useful to calculiace che quantum dimensions

¢- If a multiplicity-free modular with rank up
to 7/ is categorifiable, thenit has at least
one modular category.

& Some fusion categories of rank 7/ have
different configurations of zero values for

fusion cacegory
over C is a category
thac is C—linear, Abelian,
indecomposable, semi—simple, finite,
monoidal with produce @ that is bilinear on

* the F-symbols. All these configurations
of tools to deal with pentagram and hexagram equations. = Pa / [F :’ = ’a]i m%pgns;n;;s rigid. and for which En[d(lz”v form a ghain of inclusions, howgever“.
d strong set of invariants of the fusion . O nn ion Cdtchl’lCS one must soLlve the _ _ _
-FindZerovalues g e PENTAGRAM EQUATIONS f T~ Alte et on koo ooy
Finds all possible configurations of zero values of F-symbols. If o for all objeces @, then che Despite che system being smaller in size, che alsopcontains | méthodspfor* fir?di-ng f{JSiOﬂ
cacegory is called a spherical fusion [ chd]g Fabl]k - § :[ FabC]h Fahd]g [ Flgcd]l coefficients of these equations, the F- { categories and useful functions for working with

o— BreakMultiplicativeSymmetry
Breaks all continuous gauge symmetry by fixing values of F-symbols.

cacegory. Lbese are useful co these rings and categories.

calculate 3-manifold invarianes.

symbols, are solutions to the

a third-degree polynomldl system of monstrous size. — AllF-symbols and R-symbols are available online on the

Pcncagram equdtions and can

o— Reduce ByBinomials I also braided, one can No standard sofeware could deal with systems of . . AnyonWiki.
Recursively updates a system of polynomial equations by solving also Scrao s this size so we wrote a package, Anyonicd, co gRuicecroubtesome, | | |
solve these equations. Annyonica dalso contdins B Unitary F-symbols Bt # Solutions to Hexagram Equations

eqguations with two terms.

invariants. P1 # Solutions to Pivotal Equations

a list of all muliplicicy-free fusion cacegories
up to rank 7 and ocher useful funccions for

working wich fusion rings and cacegories.

0O

— ReduceByLinearity
Recursively updates a system of polynomial equations by solving

linear equations.

o— IncrementalGroebnerBases UNI+ARY FUSI®N CA+EGORIES M DULAR / a a II o

Calculates a Groebner basis in anincremental manner. beri . . . bick 3 2 L 2

: come with a Hemmitian seryceu Ttbdt duces a canonical spherical m Rl on caxFoniafor S \ fll 2 II =

o— SolveViaReduce ] i i - [S]a, —d.d Z[ﬁvab*b]le* Rab* [Fab*b]c : -
Solves a system of polynomial equations using Mathematica's Reduce. | scrucrure for which the quantum dimensions are posicive real numbers. For b — Yatb a letlc c a 1 b IS II%I III4 II EII II

(&
is invertible. "T'he name comes from the face chat such a fusion cacegory

@ 4 unitary fusion category there always exists a basis for which che F-
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matrices are unitary. Having unitary F-matrices only implies that the

=10 =1
=10 =1

- ~10 =10
Z@ MO MO MO MO MO MO
--

MRe @I0 WI0 WIo WIo

Number of fusion categories per fusion ring

=
=]
@\ cacgory s unicary #eqpiped wich checanorical spbercal srucue B o) i<E L E R
— is uni o . canoni . . ' ' . 2
MISSION OV A\VA|=AVAY4 P Unitary modular fusion categrories model anyonic quantum systems q
A\ ooy o i o pplaions o anyonc ey i cha provide meansco perform copologial quancum compusicion o Lt B PR R PR
low-dimensional quantum pbysics. Here, the evolution of such a \. : : R P e R R R e S AT P R e S AR S P o P o S oo N E S DOz a o € Do B e m G
“Ihis is a form of quantum computacion where calculacions are EENZSaNNadarraNgadaddaadadN I8 80 d80a 405  JogNEgN SRS FEEN,
- - To break symmetry and reduce is described by the isms of . (modular) EL“ EZED XDEDPD SO EDEEoo»D B ZRZEDxEODSS wxAOE S XSES OSSR EE N
the system we need to know 2 i e e T ey performed braiding anyons around each ocher. "The outcome of = S §UEAXE PEaTAeRl e Xxa BT gaTERE 9950 “2287"EE S
. . . ) § X = = vI == et
which variables can be zero. This [Unce the zeros are known we start fusion category and unitaricy gudrantees conservation of N of che crai of the = E s NiEs B é el == z.
is done by mapping the system to breaking symmetry. For every solution such compucdtions s mdcpcndcnt trdjeccory K £ 2 = o
-4 a logical proposition: we map [{[Fi*]$} to the pentagram equations there probabilicy. For mathemacical purposes, such as the anyons and is cherefore procecred against percurbacions. !
each variable to a boolean which |are an infinite number of other solutions . .o . ST
calculacion of topological invarianes, unicaricy is . .
Cutting off th fih ‘ is False if the variable is zero and |of the form "T'be chances thac specific processes ocaur in che lab
uiting o e sources o (4 . . 3
True otherwise. Each polynomial nocrequu'cd,sowcncvcrdmcdsucb : : :
invasion as soon as possible was equation becomes a DEO[;/OSitiOﬂ {ggbggc [Fabc]e} are relaced co knoc invariants, which can be
- = . af pe'"d f operty when searching for fusion . .
“s;’“rdlas_’t wj(:s "sef"l';'fdthe saying it is impossible for exactly 94" 95 pr calculated exponentially fascer chis
end, only in a few cases did we _ _ _ Cltcg - "There’ thin line bet biti d stupidity,
manage to avoid a full invasion at -One ter to be non-zero. The Since none of the F-symbols is zero, one ones. Way. erefsavery - we.en i i
: — invertibility of the pentagram can set F-svmbols with freedom to 1and especially when greed comes into play. What should have been a
this point. maps becomes the proposition | - thy v single trip to Hell became a routine to be repeated more than a
solve for the gauge variables. housand fimes.”

that the determinant a
/ polynomials of the F-matrices To complete the mission, we must find
the roots of the Groebner basis and use

back-substitution to obtain the values \/

mMust have at least one non-zero

—>

The remaining system is ( P ® 3 ?)
often too big to tackle so ®

/| term. /—g
( Finding all zero values then ‘é\f’n LES fir?r?wsgsiimssimoﬁifa of all F-symbols. () AV,
reduces to an ALLSAT problem thepr)war‘der‘ equAatioNs Frigrs?:/ | This procedure must also be applied to O S
from computer science: find all [T T T T TT7] - . all Hexagram equations. Fortunately, the [ 7 N —
the eqguations with only C
gggéeoasr;tig/ﬁctors satisfying a J EWo terms are used. Then — m TN Pivotal equations pose no threat at all. m ﬂ /\ ﬂ (\ (\ O C
' - . - E the equations that are _|_|_|§ N T T TTK O
/ linear in a variable, are used. C -
Often assumptions need to "We can only <[
O be added and the number o : : pray <[
/< ( systems to solve grows ) LInE 2l EHAE amplest equatlohs i we'll make it to :
' i ) , . exhausted, the final step consists of FPoster content is based on the Ph.0O. of
B VAVAVA — —. finding a Groebner basis. Although Gert \Vercleyen under supervision of
aus 4 /\) 0 1 I 0 I D R R ] 1 i ) Danger Level: the system is much smaller in terms Joost Slingerland.
VAVAVAVAN T [ of Inumber of equations and variables, — ' ' — _
AVAVAVAN "Every leve’l of.thefaczllty had to be cleared one CRITICAL! e equatio(rqws e T WY T Poster design: Gert Vercleyen.
by one. We'd like to say we never saw the poor monstrous size. By calculating the _ _ _
r souls back that faced the whole lot in one go..." : Any references to EXIStlﬂg video game
e Z / = srEe o T e S Er:“oebner* béases of iL.JbSySt?gnS —] e —— franchises are completely fictional and
ZV af used fo he(jl)ure eneriyﬂowmg 2vn (_"It didn't help that the accelerator converted V' amn HIGH! : DPSEE dgnv\?r?gt ;%L;:e egrrjjat 1ons  ofrten —— a Dr‘OdUCt of the viewers imagination.
the'tower now had a'somewitat jjiore souls to what looked like an infinity of them” : = : ) W ]
‘macabre’ nature.” /\ [ | |




